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Abstract 

We study the periodic and the Neumann boundary value problems asso¬ 
ciated with the second order nonlinear differential equation 

u” -|- cu Xa{t)g{u) = 0, 

where g: [0, -|-oo[ —>■ [0, -|-oo[ is a sublinear function at infinity having su- 
perlinear growth at zero. We prove the existence of two positive solutions 
when a{t) dt < 0 and A > 0 is sufficiently large. Our approach is based 
on Mawhin’s coincidence degree theory and index computations. Q Q 
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1 Introduction 


This paper deals with the periodic boundary value problem associated with 
the nonlinear second order ordinary differential equation 

u" + cu!-\-\a{t)g{u) = 0. (1-1) 

Let R+ := [0, +oo[ denote the set of non-negative real numbers. We suppose 
that a: R —!> R is a locally integrable T-periodic function and g: M’*' —5> R+ is 
continuous and such that 


ia*) 


g{0) = 0, g{s) >0 for s > 0. 


The real constant c is arbitrary and results will be given depending on the 
parameter A > 0. 

We are interested in the search of positive and T-periodic solutions to dm, 
namely we look for u{t) satisfying (11.11) in the Caratheodory sense (see [T7]) and 
such that u{t -\-T) = u{t) > 0 for all t € M. 

As main assumptions on the nonlinearity we require that g{s) tends to zero 
for s —>■ 0^ faster than linearly and it has a sublinear growth at infinity, that is 


(go) 

lim 

s—>-0+ 

and 


(goo) 

lim 

s—>-+oo 



g(s) 

s 


= 0 . 


Under the above hypotheses, the search of positive solutions of dm satisfy¬ 
ing the two-point boundary condition u(0) = u{T) = 0 has been widely studied. 
Note that in this case its is not restrictive to suppose c = 0, since one can always 
reduce the problem to this situation via a standard change of variables. Typ¬ 
ical theorems guarantee the existence of at least two (positive) solutions when 
a{t) > 0 for all t and A > 0 is sufficiently large (cf. [U). These proofs have 
been obtained by different techniques, such as the theory of fixed points for pos¬ 
itive operators or critical point theory. Under additional technical assumptions 
similar results can be given for the Dirichlet problem 


—Au = Xa{x)g{u) in 
u = 0 on 


as well (see, for instance, null US]). In the recent paper [S] a dynamical system 
approach has been proposed in order to obtain pairs of positive solutions, also 
when a{t) is allowed to change its sign. 

Concerning the periodic boundary value problem, analogous results on pairs 
of positive solutions have been provided in [15] for equations of the form 

u" — ku-\- Xa(t)g{u) = 0, 


with k > 0. However, less results seem to be available when k = 0. One of 
the peculiar aspects of the periodic BVP associated with dm is the fact that 
the differential operator has a nontrivial kernel (which is made by the constant 
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functions). A second feature to take into account concerns the fact that we have 
to impose additional conditions on the weight function. Indeed, if u{t) > 0 is a 
T-periodic solution of (HD, then (after integrating the equation on [0,T]) one 
has that a{t)g{u{t)) dt = 0, with g{u(t)) > 0 for every t. Hence a{t) cannot 
be of constant sign. These two facts make it unclear how to apply the methods 
based on the theory of positive operators for cones in Banach spaces. 

A first contribution in the periodic problem for (HD was obtained in in the 
case c = 0. More precisely, taking advantage of the variational (Hamiltonian) 
structure of the equation 

u" + \a{t)g{u) = 0, (1.2) 

critical point theory for the action functional 


J\iu) 



Xa{t)G{u) 


dt 


was used to prove the existence of at least two positive T-periodic solutions for 
(HD, with A positive and large, by assuming a“'" ^ 0 on some interval and 


(a*) 


a{t) dt < 0. 


Roughly speaking, condition (a*) guarantees both that the functional J\ is 
coercive and bounded from below and that the origin is a strict local minimum. 
When A > 0 is sufficiently large (so that inf J\ < 0) one gets two nontrivial 
critical points: a global minimum and a second one from a mountain pass 
geometry. To perform the technical estimates, in some further conditions 
on g(s) and G(s) := /g g{^) d^ (implying (go) and (goo)) were imposed. For 
example, the superlinearity assumption at zero is expressed by 


(go.) 


Ita dii = C 

s^ 0 + s“ 


> 0 , 


for some a > 1. Notice that assumptions of this kind have been used also in 
previous works dealing with indefinite superlinear problems, like mm- 

As observed in [6] (and first also in [3], in the context of the Neumann BVP), 
condition (a*) becomes necessary when g{s) is continuously differentiable with 
g'{s) > 0 for all s > 0. Repeating the same argument as in [SI Proposition 2.1], 
one can check that the same necessary condition is valid for (HD with an arbi¬ 
trary c G K. 

Unlike the case of the two-point (Dirichlet) boundary value problem, where 
it is easy to enter in a variational formulation of Sturm-Liouville type for an 
arbitrary c G M, for the periodic problem this is no more guaranteed. Indeed, 
for c 7 ^ 0, we lose the Hamiltonian structure if we pass to the natural equivalent 
system in the phase-plane 


u' = y, y' = -cy - Xa{t)g(u). 


On the other hand, we can consider an equivalent first order system of Hamil¬ 
tonian type, as 

u' = 6“"=*?/, y' = -Xe^^a(t)g{u), 
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but its T-periodic solutions do not correspond to the T-periodic solutions of 

(HH). 

The main contribution of the present paper is to provide an existence re¬ 
sult for pairs of positive T-periodic solutions to equation (HJ in the possibly 
non-variational setting (when c ^ 0). To this aim, we introduce a topological 
approach which may have some independent interest, even for the case c = 0. 
Our proof is reminiscent of the classical approach in the case of positive oper¬ 
ators in ordered Banach spaces which consists in proving that the fixed point 
index of the associated operator is 1 on small balls B{0,r) as well as on large 
balls B{0,R). Moreover, when A > 0 is sufficiently large, one can find an in¬ 
termediate ball B{0,p) (with r < p < R) where the fixed point index is 0. In 
this manner, there is a nontrivial (positive) solution in P n (P(0, p) \ P[0,r]) 
and another one in P n (P(0, P) \ P[0,p]), where P is the positive cone. In 
our setting we do not have a positive operator, but, using a maximum principle 
type argument, we can work directly with the topological degree in the Banach 
space of continuous T-periodic functions and then prove that the two nontrivial 
solutions that we reach are indeed positive. Actually, the situation is even more 
complicated because equation CH) is a coincidence equation of the form 

Lu = N\u, 


with L a non-invertible differential operator. In this case Mawhin’s coinci¬ 
dence degree theory (see m), adapted to the case of locally compact operators 
(cf. [53]), is the appropriate tool for our purposes. In the recent paper m a 
similar approach has been adopted for the study of positive solutions when the 
nonlinearity is superlinear both at zero and at infinity. In such a situation the 
existence of at least one positive solution is guaranteed. 

The advantage of using an approach based on degree theory lies also on the 
fact that the existence results are stable with respect to small perturbations 
of the differential equation. Hence, we can provide pairs of positive T-periodic 
solutions also for equations of the form 

u" + cu' -\- eu + Xa(t)g{u) = 0, 


for e small. This gives an interesting result also in the variational case (when 
c= 0). 

The technical assumptions on g{s) that we have to impose at zero (as well 
as at infinity) allow to slightly improve (ga), by using a condition of regular 
oscillation type. Let R,! := ]0,-|-oo[ and let h: R))" —5> R(}" be a continuous 
function. We say that h is regularly oscillating at zero if 


lim 

S-S.0+ 


h{ujs) 

h{s) 


= 1 . 


Analogously, we say that h is regularly oscillating at infinity if 


lim 

S^ + OO 


h{ujs) 

h{s) 


= 1 . 


The concept of regularly oscillating function (usually referred to the case at 
infinity) is related to classical conditions of Karamata type which have been 
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developed and studied by several authors for their significance in different areas 
of real analysis and probability (cf. [51117])- For the specific definition considered 
in our paper as well as for some historical remarks, see m and the references 
therein. Observe that any function h{s) such that h{s) ~ Ks^, with K,p > 0, is 
regularly oscillating both at zero and at infinity. However, the class of regularly 
oscillating functions is quite broad. For instance, functions like 

h{s) = exp^J dt 


with b(t) continuous and bounded, are regularly oscillating at infinity. 

Now we are in position to state our main result. 

Theorem 1.1. Let g: K+ —>■ R+ be a continuous function satisfying ( 5 *). Sup¬ 
pose also that g is regularly oscillating at zero and at infinity and satisfies (go) 
and (goo)- Let a: K. —K be a locally integrable T-periodic function satisfying 
the average condition (a*). Furthermore, suppose that there exists an interval 
I C [0,T] such that aft) > 0 for a.e. t G I and Jj aft) dt > 0. Then there 
exists A* > 0 such that for each A > A* equation dm has at least two positive 
T-periodic solutions. 

As will become clear from the proof, the constant A* can be chosen depending 
(besides on c and g{s)) only on the behavior of a{t) on the interval I. This 
remark allows to obtain the following corollary for the related two-parameter 
equation 

u" + cu + (Xa'^ft) — pa~ {t))g{u) = 0, (1-3) 

with A, /r > 0, where, as usual, we have set 

+ ait)-G\a{t)\ _ -a{t)-G \a{t)\ 

a [t) ■■= -^-, a ft) := - - -. 

Equation (IE31), for c = 0, has been considered in [7], with the aim of investigat¬ 
ing multiplicity results and complex dynamics when /r ^ 0 (see also |13] and 
the references therein for related results in the superlinear case). 

Corollary 1.1. Let gfs) be as above and let aft) be a T-periodic function with 
G L^([0,r]) and a~ ^ 0. Suppose also that there exists an interval I C [0,r] 
such that 

J a~{t)dt = 0< j a'^{t)dt. 

Then there exists A* > 0 such that for each A > A* and for each 


p, > X 


f^a+(t)dt 
a-{t)dt 


equation has at least two positive T-periodic solutions. 

Our results are sharp in the sense that there are examples of functions g{s) 
satisfying all the assumptions of Theorem 11.11 or of Corollary 11.11 and such that 
there are no positive T-periodic solutions if A > 0 is small or if (a*) is not 
satisfied. For this remark see [51 Section 2], where the assertions were proved in 
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the case c = 0. One can easily check that those results can be extended to the 
case of an arbitrary c G R (see also Section 

Another sharp result can be given when g{s) is smooth. Indeed, first of all we 
produce a variant of Theorem II.II bv replacing the hypothesis of regular oscilla¬ 
tion of g at zero or at infinity with the condition of continuous differentiability of 
g{s) in a neighborhood of s = 0 or, respectively, near infinity (see Theorem l4.3l) . 
Next, in the smooth case and further assuming that | 5 ^(s)| is bounded on Rq", 
we can also provide a nonexistence result for A > 0 small (see Theorem EH). 
As a consequence of these results, the following variant of Theorem 11.11 can be 
stated. We denote by g'{oo) = lims^+oo 5^(s)- 

Theorem 1.2. Let g: R^ —> R'*" be a continuously differentiable function sat¬ 
isfying (g^) and such that g'{0) = 0 and g'{oo) = 0. Let a: R —>■ R fee a locally 
integrable T-periodic function satisfying the average condition (a*). Further¬ 
more, suppose that there exists an interval L C [0,T] such that a(f) > 0 for 
a.e. t € I and J^aft) dt > 0. Then there exists A* > 0 such that for each 
0 < A < A* equation (EH has no positive T-periodic solution. Moreover, there 
exists A* > 0 such that for each A > A* equation EH has at least two positive 
T-periodic solutions. Condition (a*) is also necessary if g'{s) > 0 for s > 0. 

To show a simple example of applicability of Theorem 11.21 we consider the 
T-periodic boundary value problem 

I u" -\- cu' -\- A(sin(t) -b k)g{u) =0 

1 u(27r) — u(0) = u'(27r) — u'{0) = 0, 


where fc G R and 

g{s) = arctan(s“), with a > 1, 

(other examples of functions g{s) can be easily produced). Since g'{s) > 0 for all 
s > 0, we know that there are positive T-periodic solutions only if — 1 < fc < 0. 
Moreover, for any fixed k G ] —1,0[ there exist two constants 0 < X^,^k < A*’*^ 
such that for 0 < A < A*^fc there are no positive solutions for problem EH, 
while for A > A*’^ there are at least two positive solutions. Estimates for A*^^ 
and A*’*^ can be given for any specific equation. 

The plan of the paper is the following. In Section E] we recall some basic 
facts about Mawhin’s coincidence degree and we present two lemmas for the 
computation of the degree (see Lemma EH and Lemma EH- We end the section 
by showing the general scheme we follow in the proof of Theorem 11.11 which is 
performed in SectionEl We present in SectionElsome consequences and variants 
of the main theorem (including existence of small/large solutions using only 
conditions for g{s) near zero/near infinity, respectively). In the same section 
we also deal with the smooth case and give a nonexistence result. Section [S] 
is devoted to a brief description of how all the results can be adapted to the 
Neumann problem, including a final application to radially symmetric solutions 
on annular domains. 
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2 The abstract setting 

Let X := Ct be the Banach space of continuous and T-periodic functions 


u : 


5., endowed with the norm 


||m||oo := max |M(t)| = max |M(t)|, 
tG[0,T] teR 

and let Z := be the Banach space of measurable and T-periodic functions 
u: M —>■ R which are integrable on [0, T], endowed with the norm 




j{t)\ dt. 


The linear differential operator 


L\ —u" — cv! 

is a (linear) Fredholm map of index zero defined on domT := C X, with 

range 

ImL =■{ V G Z: 


': J v(t) dt = o|. 


Associated with L we have the projectors 

P: A —>■ ker T = R, Q: Z ^ coker L = Z/lmL = . 
that, in our situation, can be chosen as the average operators 


1 F 

Pu = Qu '= 7 ^ u{t) dt. 
d Jo 


Finally, let 

Kp : Im L —>■ dom L fl ker P 

be the right inverse of L, which is the operator that at any function v G L\, 
with v(t) dt = 0 associates the unique T-periodic solution u of 


-I- cu' + v{t) = 0, with f u{t) dt = 0. 

Jo 


Next, we define the T^-Caratheodory function 

f (t 1 ■= / if s < 0; 

^ ’ ( Xa{t)g{s), if s > 0; 

where a: R R is a T-periodic and locally integrable function, g: R+ R+ 
is a continuous function with g(0) = 0 and A > 0 is a fixed parameter. Let us 
denote by : X —>■ Z the Nemytskii operator induced by the function /a, that 
is 

{Nxu)(t) := fx{t,u{t)), teR. 

By coincidence degree theory we know that the equation 


Lu = Nxu, u G domT, 


( 2 . 1 ) 
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is equivalent to the fixed point problem 


u = <i>AW := Pu + QN\u + Kp{Id — Q)N\u, u G X. 

Technically, the term QN\u in the above formula should be more correctly 
written as JQN\u, where J is a linear (orientation-preserving) isomorphism 
from coker L to kerL. However, in our situation, we can take as J the identity 
on R, having identified coker L, as well as ker L, with R. It is standard to verify 
that <i>A: X —>■ X is a completely continuous operator. In such a situation, we 
usually say that N\ is L-completely continuous (see [20], where the treatment 
has been given for the most general cases). 

If O C X is an open and bounded set such that 

Lu^N\u, Vit G 90 n domL, 

the coincidence degree Dl(L — N\,0) {of L and N\ in O) is defined as 

Dl{L -Nx, 0) := degpsild - $a, 0,0), 

where “degj;,^” denotes the Leray-Schauder degree. 

In our applications we need to consider a slight extension of coincidence 
degree to open (not necessarily bounded) sets. To this purpose, we just follow 
the standard approach used to define the Leray-Schauder degree for locally 
compact maps defined on open sets, which is classical in the theory of fixed 
point index (cf. [1611221 I25j l. More in detail, let 11 C X be an open set and 
suppose that the solution set 

Fix ($A) fl) := {u G fl: u = $aw} = {u G H fl domL : Lu = N\u} 

is compact. The extension of the Leray-Schauder degree to open (not necessarily 
bounded) sets allows to define 

degLs(/d - $A, 0) := degps{Id - $a, V, 0), 

where V is an open and bounded set with 

Fix($A,f^) C V C V C H. (2.2) 

One can check that the definition is independent of the choice of V. Accordingly, 
we define the coincidence degree Dl(L — Nx,n) {of L and N\ in O) as 

DL{L-Nx,n) := Dl{L - Nx,V) = degps{Id - ^x,V,0), 

with V as above. In the special case when O is an open and bounded set such 
that 

Lu^Nxu, VuGSOndomL, (2.3) 

it is easy to verify that the above definition is exactly the usual definition of 
coincidence degree, according to Mawhin. Indeed, if (|2.311 holds with O open 
and bounded, then, by the excision property of the Leray-Schauder degree, we 
have degpg{Id — $a, V, 0) = degpg{Id — $A,f^,0) for each open and bounded 
set V satisfying We refer also to [53] for an analogous introduction from 

a different point of view. 

Combining the properties of coincidence degree from [20| Chapter II] with 
the theory of fixed point index for locally compact operators (cf. [M] [53]), it is 
possible to derive the following versions of the main properties of the degree. 


• Additivity. Let fii, $^2 be open and disjoint subsets of such that 
Fix ($A) fi) C U fl 2 . Then 

Dl{L - Nx, n) = Dl{L - Nx, rJi) + Dl{L - Nx, ^2). 

• Excision. Let Oq be an open subset of il such that Fix($A,f^) C fig. 
Then 

DLiL - Nx, n) = Dl{L - Nx, L!o)- 

• Existence theorem. If Dl{L — Nx,^) ^ 0, then Fix ^ 0, hence 
there exists u G fl fl doniL such that Lu = Nxu. 

• Homotopic invariance. Let H\ [0,1] x —5> X, H.o{u) := H{d,u), be a 

continuous homotopy such that 

S := {u G n domL: Lu = iLiju} 
i9e[o,i] 

is a compact set and there exists an open neighborhood W of S such that 
W C SI and {Kp{Id — Q)iL)|[Q ijxw ^ compact map. Then the map 
!->■ Dl{L — H.g,n) is constant on [0,1]. 

For more details, proofs and applications, we refer to [Huniiii] and the 
references therein. 

In the sequel we will apply this general setting in the following manner. We 
consider a L-completely continuous operator A/” and an open (not necessarily 
bounded) set A such that the solution set {u G ^ fl domL: Lu = Nu} is 
compact and disjoint from dA. Therefore Dl{L — A) is well defined. We 
will proceed analogously when dealing with homotopies. 

2.1 Auxiliary lemmas 

Within the framework introduced above, we present now two auxiliary semi¬ 
abstract results which are useful for the computation of the coincidence degree. 
In the following, we denote by 5(0, d) and by 5[0, d] the open and, respectively, 
the closed ball of center the origin and radius d > 0 in X. For Lemma 12.11 
and Lemma l2.2l we do not require all the assumptions on a{t) and g{s) stated in 
Theorem ll.il In this way we hope that the two results may have an independent 
interest beyond that of providing a proof of Theorem 11.11 

Lemma 2.1. Let A > 0. Let g: R+ —>■ R+ be a continuous function such 
that g(0) = 0. Suppose a G L^ with Jq a{t) dt < 0. Assume that there exists 
a constant d > 0 and a compact interval I C [0, T\ sueh that the following 
properties hold. 

{Ad,i) If o:>0, then any non-negative T-periodic solution u{t) of 

u" -\- cu' -\- Xa{t)g{u) -|- a = 0 (2-4) 

satisfies maxjgi u{t) d. 

{Bd,i) For every /3 > 0 there exists a constant Dp > d such that if a € [0,/3] 
and u{t) is any non-negative T-periodic solution of equation (j2.4p with 
maxigiu(t) < d, then maxjgjg yj u{t) < Dp. 
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(C'd.i) There exists a* > 0 such that equation (12.41) . with a = a*, does not possess 
any non-negative T-periodic solution u{t) with maxtgx'w(i) < d. 

Then 

DLiL-Nx,nd,i)=0, 

where 

Tld.i := |m G X: max |u(i)| < d|. 

Notice that is open but not bounded (unless I = [0,T]). 


Proof. For a fixed constant d > 0 and a compact interval I C [0,T] as in 
the statement, let us consider the open set V.d,x defined above. We study the 
equation 

u"-\-cu'-\-fx{t,u)-\-a = 0, (2.5) 

for a > 0, which can be written as a coincidence equation in the space X 


Lu = Nxu + al, u G dom L, 


where 1 G X is the constant function l(t) = 1. 

As a first step, we check that the coincidence degree Dl{L — Nx — al, 
is well defined for any a > 0. To this aim, suppose that a > 0 is fixed and 
consider the set 

TZa '■= {n G cl (fld,i) n dom L : Lu = Nxu + al} 

= {m G cl (fld.i): u = ^xu + al}. 

We have that u G TZa if and only if u{t) is a T-periodic solution of (12.511 such 
that \u{t)\ < d for every f G X. By a standard application of the maximum 
principle, we find that u{t) > 0 for alH G K and, indeed, u{t) solves (12.4L with 
max(giit(t) < d. Condition (Bd^x) gives a constant Da such that ||w||oo < Da 
and so TZa is bounded. The complete continuity of the operator ensures the 
compactness of TZa- Moreover, condition {Ad^x) guarantees that |M(f)| < d for 
all t G I and then we conclude that TZa ^ In this manner we have proved 

that the coincidence degree Dx[L — Nx — ctl, fld,x) is well defined for any a > 0. 

Now, condition {Cd.x), together with the property of existence of solutions 
when the degree Dx is nonzero, implies that there exists a* > 0 such that 

DLiL-Nx-a*l,Cld,x) = 0- 

On the other hand, from condition (Bd^x) applied on the interval [0, /3] := [0, a*], 
repeating the same argument as in the first step above, we find that the set 

<S := TZa = [J {u G cl (Od^i) l~l domL: Lu = A^au + al} 

aG[0,a*] aG[0,a’^] 

= [J {u G cl(Od_i): u = <I)AU + al} 

aG[0,a*] 

is a compact subset of ^d.x- Hence, by the homotopic invariance of the coinci- 
dence degree, we have that 

Dl{L - Nx,Dd,x) = Dl{,L - Nx - a*l,nd,x) =0. 

This concludes the proof. □ 
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Lemma 2.2. Let A > 0. Let g: R+ —>■ R'*' be a continuous function such that 
g{0) = 0. Suppose a € Ly with a(t) dt < 0. Assume that there exists a 
constant d > 0 such that g{d) > 0 and the following property holds. 

{Hd) If "d & ]0,1] and u(t) is any non-negative T-periodic solution of 

u" + cu' + 'dXa(t)g{u) = 0, (2-6) 

then maX(g[Q 7 ^] u{t) ^ d. 

Then 

DL{L-Nx,B{0,d)) = l. 

Proof. First of all, we claim that there are no solutions to the parameterized 
coincidence equation 


Lu = 'dN\u, w G 95(0, d) n domL, 0 < ■(? < 1. 


Indeed, if any such a solution u exists, it is a T-periodic solution of 

u" + cu' + 'df\{t, u) = 0, 


with ||u||oo = d. By the definition of f\{t, s) and a standard application of the 
maximum principle, we easily get that u{t) > 0 for every t G R. Therefore, u(t) 
is a non-negative T-periodic solution of (EH) with maxtg[o^T] w(t) = d. This 
contradicts property (Hd) and the claim is thus proved. 

As a second step, we consider QN\u for u G kerT. Since kerT = R, we have 


QNxu = 


T 


fx{t,s)dt, 


For notational convenience, we set 


fx{t,s)dt = 


for u = constant = s G R. 

—s, if s < 0; 

ifs>0. 


Note that sff (s) < 0 for each s 0. As a consequence, we find that QN\u ^ 0 
for each u G 95(0, d) fl ker L. 

An important result from Mawhin’s continuation theorem (see [211 Theo¬ 
rem 2.4] and also [19] . where the result was previously given in the context of 
the periodic problem for ODEs) guarantees that 


Dl{L - Nx, 5(0, d)) = dB{-QNx\^,,L, 5(0, d) nker T, 0) = dB(-/f, ]-d, d[, 0), 

where “ds” denotes the Brouwer degree. This latter degree is clearly equal to 
1 as ^ 

-fti-d) = -d < 0 < a{t)dt^g{d) = -ff{d). 

This concludes the proof. □ 
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2.2 Proof of Theorem ll.lt the general strategy 


With the aid of the two lemmas just proved, we can give a proof of Theo¬ 
rem o as follows. 

We fix a constant p > 0 and consider, for X := /, the open set 
ripj := S X: max |it(t)| < p|. 

First of all, we show that condition (Apj) is satisfied provided that A > 0 
is sufficiently large, say A > A* := A* j. Such lower bound for A does not 
depend on a. Then, we fix an arbitrary A > A* and show that conditions (Bpj) 
and {Cpj) are satisfied as well. In particular, for /3 = 0, we find a constant 
Do = Do{p, I, X) > p such that any possible solution of 


Lu = N\u, u G cl n domX, 


satisfies 

I|m||oo < Dq. 

In this manner, we have that 

S(0,p) C flpj and Fix{^x,V,pj) C B{0, R), \/R>Do. 
Moreover, 


Dl{L - Nx,npj) = Dl{L - Nx, npj n B{0, i?)) = O, Vi? > Do. 

As a next step, using (go) and the regular oscillation of g{s) at zero, we find 
a positive constant ro < p such that for each r G ]0,ro] the condition {Hr) (of 
Lemma im]) is satisfied and therefore 

DL{L-Nx,B{Q,r)) = l, VO < r < tq. 

With a similar argument, using (poo) and the regular oscillation of g{s) at infin¬ 
ity, we find a positive constant Ro > Do such that for each R> Ro the condition 
(Hji) is satisfied too and therefore 

DLiL-Nx,B{0,R)) = l, Vi?>i?o. 

By the additivity property of the coincidence degree we obtain 

DL{L-Nx,npj\B[0,r])=-l, VO < r < ro, (2.7) 

and 

DL{L-Nx,B{0,R)\c\inpjnB{0,Ro))) = 1, Vi?>i?o. (2.8) 

Thus, in conclusion, we find a first solution u of (12.11) with u G Up,/ \ B[0,r] 
(using (12.71) for a fixed r G ]0,ro]) and a second solution u of (12.1|) with u G 
B{0,R) \ c\{Flpj n B{0,Ro)) (using (12.81) for a fixed R > Ro). Both u{t) and 
u{t) are nontrivial T-periodic solutions of 

u" + cu' + fx{t, u) =0 

and, by the maximum principle, they are actually non-negative solutions of 
dni). Finally, since by condition {go) we know that a{t)g{s)/s is L^-bounded 
in a right neighborhood of s = 0, it is immediate to prove (by an elementary 
form of the strong maximum principle) that such solutions are in fact strictly 
positive. 
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3 Proof of Theorem ll.lt the technical details 


In this section we give a proof of Theorem ll.ll bv following the steps described 
in Section [121 To this aim, it is sufficient to check separately the validity of the 
assumptions in Lemma nn for I := I and d = p > 0 a fixed number, and the 
ones in Lemma 1121 for d = r > 0 small (0 < r < tq) and for d = i? > 0 large 
{R > Rq). Notice that rg and Rq are chosen after that p and also A > 0 have 
been fixed. 

Throughout the section, for the sake of simplicity, we suppose the validity 
of all the assumptions in Theorem ll.il However, from a careful checking of the 
proofs below, one can see that, for the verification of each single lemma, not all 
of them are needed. 

3.1 Checking the assumptions of Lemma 12.11 for A large 

Let p > 0 be fixed. Let I := [ct, t] C [0, T] be such that a{t) > 0 for a.e. t £ I 
and Jj a{t) dt > 0. We fix £ > 0 such that for 


erg := cr + £ < T — £ =: Tg 


it holds that 


a{t) dt > 0. 


Let us consider the non-negative solutions of equation (12.41) for t £ I. Such 
an equation takes the form 


u” + cu'+ h{t,u) = 0, (3T) 

where we have set (for notational convenience) 

d(t, s) = hx,ait, s) := Xa{t)g{s) + a, 

where A > 0 and a > 0. Note that h{t, s) > 0 for a.e. t £ I and for all s > 0. 
Writing equation (ED as 

-I- u) = 0, 

we find that {e'^*u'{t))' < 0 for almost every t £ I, so that the map 1e'^*u'{t) 
is non-increasing on I. 

We split the proof into different steps. 

Step 1. A general estimate. For every non-negative solution u{t) of (13.ip the 
following estimate holds: 


|m'(^)I < — Vte[crg,rg]. (3.2) 

£ 

To prove this, let us fix t £ [crg,rg]. The result is trivially true if u'{t) = 0. 
Suppose that u'{t) > 0 and consider the function u{t) on the interval [cr, t]. 
Since ^ i—>■ e^^u'{^) is non-increasing on [cr, t], we have 

u'iO > u'{t)e‘'^*~^\ G [cr,t]. 
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Integrating on [cr, t] , we obtain 

u{t) > u{t) — u{a) > — a) > u'e 

and therefore (EH) follows. If u'{t) < 0 we obtain the same result, after an 
integration on [t, t]. Hence, (13.211 is proved in any case. Observe that only 
a condition on the sign of h(t, s) is used and, therefore, the estimate is valid 
independently on A > 0 and a > 0. 

Step 2. Verification of (Apj) for A > A*, with A* depending on p and I but not 
on a. Suppose that u{t) is a non-negative T-periodic solution of (12.41) with 

maxu(t) = p. 
t&i 

Let to G be such that u{to) = p and observe that u'(to) = 0, if tr < to < 
while ■u'(to) < 0, if to = ct, and u'(to) > 0, if to = r. 

First of all, we prove the existence of a constant 5 S ]0,1[ such that 

min u{t) > (5/9. (3.3) 

i&Vo,Ta] 

This follows from the estimate (EH). Indeed, if t* G [coiTo] is such that u(t*) = 
mintg[£,.o,To] u{f), we obtain that 

|^'(t,)| < (3.4) 

e 

On the other hand, by the monotonicity of the function 1 1 —^ e‘^*u'{t) in [ct, t], 

> u'(t*)e^‘*, G [c, t*], (3.5) 

and 

< u'(t*)e‘^‘*, G [t*,r]. (3.6) 

From the properties about u'(to) listed above, we deduce that if to > t^,, then 
u'ito) > 0 and, therefore, we must have u'(tA) > 0. Similarly, if to < O, then 
u'ito) < 0 and, therefore, we must have u'{tAj < 0. The case in which t* = to 
can be handled in a trivial way and we do not consider it. In this manner, we 
have that one of the two situations occur: either 

cr < to < t* G [(To,to], ■u(to)=p, u'(C) < 0, G [to,t*], (3.7) 

or 

T > to > t* G [(To,ro], u{to) = p, m'(C) > 0, G [t*,to]. (3.8) 

Suppose that (EB holds. In this situation, from E3 we have —u'{f) < 

—■ii'(t*)e'^(**-C) fQi- all ^ G [to,t*] and thus, integrating on [to,t,] and using 
(EB( we obtain 

p — u{tt,) < |M'(t*)| el'^l^(t* — to) < 

e 

This gives (13.3p for 

c ^ g 
■ £ + e2ldTT- 
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We get exactly the same estimate in case of (13.81) . by using (13.61) and then 
integrating on Observe that the constant 5 G ]0,1[ does not depend on 

A and a. 

Having found the constant S, we now define 


r] = f]{p) := min{ 5 (s): s G [6p, p ]}. 

Then, integrating equation (12.41) on [cto,to] and using (13.21) (for t = ao and 
t = tq), we obtain 



a{t) dt < X 



a{t)g{u{t)) dt 


= u'{ao) - u'{to) + c(u(cro) - '«('ro)) - ct (tq 

< 2-el°l^ + 2|c|p. 

£ 


CTo) 


Now, we define 


2p{e\c\ + 
^vQa{t)dt 


(3.9) 


Arguing by contradiction, we immediately conclude that there are no (non¬ 
negative) T-periodic solutions u{t) of (12.41) with maxt^i u{t) = p if A > A*. 
Thus condition (Apj) is proved. 

Step 3. Verification of{Bpj). Let u{t) be any non-negative T-periodic solution 
of (12.4|) with maxtg 7 u(t) < p. Let us fix an instant i G [croiT-o]- By (13.21) . we 
know that 

\u'{i)\ < 

£ 


Using the fact that 


|^(i)S)| < M{t)\s\ + N{t), for a.e. t G [0,T], Vs G M, Va G [0,/3], 

with suitable M,N G (depending on /3), from a standard application of the 
(generalized) Gronwall’s inequality (cf. [TJ), we find a constant Dp = Dp{p,X) 
such that 

max (|u(t)| -k |u'(t)|) < Dp. 
te[o,T] ^ ^ 

So condition (Bpj) is verified. 

Step 4- Verification of (Cpj). Let u{t) be an arbitrary non-negative T-periodic 
solution of dH with maxtg 7 M(<) < p. Integrating (12.41) on [ctoiTo] and using 
(13.21) (for t = at) and t = tq), we obtain 

a {tq - ao) = u'{ao) - u{to) + c{u{ao) - u{to)) - x(^J a{t)g{u{t)) dt^ 

< -k 2|c|p =:K = K(p,s). 

e 

This yields a contradiction if a > 0 is sufficiently large. Hence (Cpp) is verified, 
taking a* > K/{to — ao). 

In conclusion, all the assumptions of Lemma 12.11 have been verified for a fixed 
p > 0 and for A > A*. □ 
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Remark 3.1. Notice that, among the assumptions of Theorem ll.il in this part 
of the proof we have used only the following ones: g{s) > 0 for all s G ]0,p], 
lim supg^_i_oo |( 7 (s)|/s < +00, a G and a{t) > 0 for a.e. t G I, with a{t)dt > 


0 . 


<1 


3.2 Checking the assumptions of Lemma 12.21 for r small 

We prove that condition {Hd) of Lemmais satished for d = r sufficiently 
small. Indeed, we claim that there exists tq > 0 such that there is no non¬ 
negative T-periodic solution u{t) of (12.61) for some d G ]0,1] with ||u||oo = r G 
]0,ro]. Arguing by contradiction, we suppose that there exists a sequence of 
T-periodic functions Un{t) with > 0 for all t G M and such that 

M"(t) -I- cu'^it) + dn\a{t)g{un{t)) = 0, (3.10) 

for a.e. t G M with dn G ]0,1], and also such that ||Mn||oo = 0+. Let 

t* G [0,T] be such that u„(t*) = r„. 

We define 


and observe that (|3.10ll can be equivalently written as 

u"(t) -b cv'^{t) + •dn\a(t)q(un{t))vn{t) = 0, (3-11) 


where q: K+ —)> R+ is defined as q{s) := g{s)/s for s > 0 and q{0) = 0. Notice 
that q is continuous on R’*' (by {go))- Moreover, q{un{t)) —>■ 0 uniformly in R, as 
a consequence of ||u„||oo —t 0. Multiplying equation (13.111) by and integrating 
on [0, T], we find 

\WufL%= f I’uit f dt < X\\a\\Li sup |g(u„(t))| ^ 0 , as n ^ oo. 

Jo te[o,T] 


As an easy consequence \\vn — l||oo —t 0, as n —)• oo. 

Integrating p.lOl) on [0,T] and using the periodic boundary conditions, we 
have 

0 = [ a{t)g{un{t))dt = 

Jo 

and hence, dividing by g(r„) > 0, we obtain 


a{t)g{rn)dt+ / a{t){g{rnVn{t)) - g{rn)) dt 


0 < - 


a{t)dt <\\a\\Li sup 

te[o,T] 


g{rnVn{t)) _ 
9{rn) 


Using the fact that g{s) is regularly oscillating at zero and Vn{t) -G 1 uniformly 
as n —>■ oo, we find that the right-hand side of the above inequality tends to 
zero and thus we achieve a contradiction. □ 


Remark 3.2. Notice that, among the assumptions of Theorem ll.il in this part 
of the proof we have used only the following ones (for verifying (Hr)): g{s) > 0 
for all s in a right neighborhood of s = 0, g{s) regularly oscillating at zero and 
satisfying (t/o), a G L]. with a(t) dt <0. a 
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3.3 Checking the assumptions of Lemma 12.21 for R large 

We are going to check that condition {Hd) of Lemma 12.21 is satisfied for 
d = R sufficiently large. In other words, we claim that there exists i?o > 0 such 
that there is no non-negative T-periodic solution u{t) of (12.6|) for some d € ]0,1] 
with ||ri||oo — R ^ Ro- Arguing by contradiction, we suppose that there exists 
a sequence of T-periodic functions M„(t) with > 0 for alH G R and such 
that 

u”{t) + cu'„(t) + 'dnXa{t)g{un{t)) = 0, (3-12) 

for a.e. t G K with G ]0,1], and also snch that Urtnlloo = Rn ^ -boo. Let 
t* G [0,T] be snch that Unit*^) = Rn- 

First of all, we claim that Unit) —^ -boo uniformly in t (as n —>■ oo). Indeed, 
to be more precise, we have that u„(<) > i?„/2 for all t. To prove this assertion, 
let us suppose, by contradiction, that mintt„(t) < Rnj^- In this case, we can 
take a maximal compact interval [a„, /3„] containing t* and such that Un (t) > 
Rn/^ for all t G [a„,/3n]. By the maximality of the interval, we also have that 
Unioin) = UniPn) = Rn/‘2. with u'^{an) > 0 > (/?„). 

We set 

Wnit) ■■= Unit) - ^ 

and observe that 0 < < i?„/2 for all t G [q;„,/3„]. Equation (13.121) reads 

equivalently as 

-w'nit) - cw'nit) = ■dnXait)giUnit)). 

Multiplying this equation by Wnit) and integrating on [«„,/?„], we obtain 



Wnit)^dt < A||a||ii 


Rn 


sup 


|5WI- 


From condition igoo), for any fixed e > 0 there exists Lg > 0 such that | 5 (s)| < 
es, for all s > L^. Thus, for n sufficiently large so that i?„ > 2Lg, we find 



Wnit)^dt < -XsRl\\a\\Li 


By an elementary form of the Poincare-Sobolev inequality, we conclude that 

max |w„(t)|2 < T / w'„it)^ dt <^XeTRl\\a\\Li 

4 te[a„./3„] 2 ■f’ 


and a contradiction is achieved if we take e sufficiently small. 

Consider now the auxiliary function 

Unit) Unit) 

:= 11 , II = 

11 11 oo Rn 

and divide equation (13.121) by Rn- In this manner we obtain again (13.111) . By 
igoo) and the fact that Unit) —t -boo uniformly in t, we conclude that qiunit)) = 
giunit))/Unit) 0 uniformly (as n —>■ oo). Hence, we are exactly in the same 
situation as in the case we have already discussed above in Section 13.21 for r 
small and we can end the proof in a similar way. More precisely, —>■ 0 
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as n —>■ oo (this follows by multiplying equation (13.111) by Vn(t) and integrating 
on [0,T]) so that \\vn — l||oo —)> 0, as n ^ cx). Then, integrating equation (13.121) 
on [0,T] and dividing by g(Rn) > 0, we obtain 


0 < - 


a{t) dt < ||a|| 


sup 

' ie[0,T] 


(0) 


g{Rn) 


- 1 


Using the fact that g{s) is regularly oscillating at infinity and Vn{t) —> 1 uni¬ 
formly as n —>■ oo, we find that the right-hand side of the above inequality tends 
to zero and thus we achieve a contradiction. □ 


Remark 3.3. Notice that, among the assumptions of Theorem ll.il in this part 
of the proof we have used only the following ones (for verifying {Hu))-. g{s) > 0 
for all s in a neighborhood of infinity, g{s) regularly oscillating at infinity and 
satisfying [goo), a G with a(t)dt <0. <1 


4 Related results 

In this section we present some consequences and variants obtained from 
Theorem o We also examine the cases of non-existence of solutions when the 
parameter A is small. 

4.1 Proof of Corollary 11.11 

In order to deduce Corollary 11.11 from Theorem o we stress the fact that 
the constant A* > 0 (defined in (I3.9|) l is produced along the proof of Lemma [2T] 
in dependence of an interval I C [0,T] where a{t) > 0 and fja(t) dt > 0. For 
this step in the proof we do not need any information about the weight function 
on [0,T] \I. As a consequence, when we apply our result to equation (11.31) . 
we have that A* can be chosen independently on g. On the other hand, for 
Lemma 12.21 with r small as well as with R large, we do not need any special 
condition on A (except that A in (13.1011 or in (13.121) is fixed) and we use only the 
fact that jJ' a{t) dt < 0 (without requiring any other information on the sign 
of a{t)). Accordingly, once that A > A* is fixed, to obtain a pair of positive T- 
periodic solutions we only need to check that the integral of the weight function 
on [0, T] is negative. For equation (11.31) this request is equivalent to 

d ^ /o^ a^{t)dt 
^ Ioa-{t)dt 

By these remarks, we deduce immediately Corollary 11.11 from Theorem ll.il □ 

4.2 Existence of small/large solutions 

Theorem o guarantees the existence of at least two positive T-periodic 
solutions of dm. More in detail, we have found a first solution in V,pj \ R[0, r] 
and a second one in B{0, R) \ cl (tip,/ (A R(0, Ro)), verifying that the coincidence 
degree is nonzero in these sets (see (12.711 and (12.81) 1. The positivity of both 
the solutions follows from maximum principle arguments. A careful reading of 
the proof (cf. Section |31) shows that weaker conditions on g{s) are sufficient to 
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repeat some of the steps in Section in order to prove (I2.7p (or (12.81) ') and 
thus obtain the existence of a small (or large, respectively) positive T-periodic 
solution of dm. 

More precisely, taking into account Remark Id. II and Remark Id. 2 1 we can state 
the following theorem, ensuring the existence of a small positive T-periodic 
solution. 


Theorem 4.1. Let g: M’*' —)• M'*" be a continuous funetion satisfying (g*) and 


5(s) 

limsup- < - 1 - 00 . 

S^ + CXD 5 


(4.1) 


Suppose also that g is regularly oscillating at zero and satisfies (go)- Let a: M ^ 
K 6e a locally integrable T-periodic function satisfying the average condition (o*). 
Furthermore, suppose that there exists an interval I C [0,T] such that aft) > 0 
for a.e. t G I and fja(t) dt > 0. Then there exists A* > 0 such that for each 
A > A* equation dm has at least one positive T-periodic solution. 

On the other hand, in view of Remark o and Remark [m we have the 
following result giving the existence of a large positive T-periodic solution. 

Theorem 4.2. Let g: R’*' K'*" be a continuous function satisfying (g^,) and 


limsup < - 1 - 00 . 

s—»-0+ ^ 


(4.2) 


Suppose also that g is regularly oscillating at infinity and satisfies (goo)- Let 
o: R —)• M &e a locally integrable T-periodic function satisfying the average con¬ 
dition (a*). Furthermore, suppose that there exists an interval L C [0,T] such 
that aft) > 0 for a.e. t € L and J^aft) dt > 0. Then there exists A* > 0 such 
that for each A > A* equation dm has at least one positive T-periodic solution. 

Notice that the possibility of applying a strong maximum principle (in order 
to obtain positive solutions) is ensured by {go) in Theorem 14.11 while it follows 
by (|4.2I) in Theorem 14.21 The dual condition (14.11) in Theorem 14.11 is, on the 
other hand, needed to apply Gronwall’s inequality (checking the assumptions of 
Lemma IQ) . 


4.3 Smoothness versus regular oscillation 

It can be observed that the assumptions of regular oscillation of g{s) at 
zero or, respectively, at infinity can be replaced by suitable smoothness assump¬ 
tions. Indeed, we can provide an alternative manner to check the assumptions 
of Lemma for r small or R large, by assuming that g{s) is smooth in a 
neighborhood of zero or, respectively, in a neighborhood of infinity. For this 
purpose, we present some preliminary considerations. 

Let u{t) be a positive and T-periodic solution of 

u" -\- cu' -\- va{t)g{u) = 0, (4-3) 

where > 0 is a given parameter (in the following, we will take v = X or 
V = dX). Suppose that the map g{s) is continuously differentiable on an interval 
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containing the range of u{t). In such a situation, we can perform the change of 
variable 


z{t) := 


u'(t) 

vg{u{t)) 


(4.4) 


and observe that z{t) satisfies 


z' + cz = —vg' {u{t))z'^ — a(t). 


(4.5) 


The function z(t) is absolutely continuous, T-periodic with z(t) dt = 0 and, 
moreover, there exists a t* € [0,T] such that z(t*) = 0. 

This change of variables (recently considered also in 0 ) is used to provide 
a nonexistence result as well as a priori bounds for the solutions. We premise 
the following result. 

Lemma 4.1. Let J C M. be an interval. Let g: J ^ be a continuously 
differentiable function with bounded derivative (on J). Let a € L}p satisfy (a*). 
Then there exists w* > 0 such that, if 


V sup |( 7 '(s)| < w*, 

S^J 


there are no T-periodic solutions of (ig with u{t) G J, for all t G R. 
Proof. For notational convenience, let us set 


D := sup| 5 f'(s)|. 


First of all, we fix a positive constants M > and define 


UJ^ 


M2Tel'=l'^ 


- /o^ ajt) dt \ 
M^T (' 


Note that w* does not depend on z/, J and D. We shall prove that if 


0 < I'D < w* 


equation (14.31) has no T-periodic solution u(t) with range in J. 

By contradiction we suppose that u(t) is a solution of (14.3p with u(t) G J, 
for all t G R. Setting z(t) as in (14.4L we claim that 

||z|U<M. (4.6) 

Indeed, if by contradiction we suppose that (14.61) is not true, then using the fact 
that z(t) vanishes at some point of [0,T], we can find a maximal interval T of 
the form [t*,T] or [r,t*] such that \z(t)\ < M for all t G I and \z(t)\ > M for 
some t ^X. By the maximality of the interval T, we also know that | z ( t )| = M. 
Multiplying equation (14.51) by we achieve 

(^(t)e'=(‘-"))' = (-z.g'(u(t))z2(t) -a(f))e'=(‘-"). 

Then, integrating on I and passing to the absolute value, we obtain 


M = \z{t)\ = \z(t) — z(t*)e 




< 


vg'{u{t))z‘^{f) dt 




< z/TM^Tel"!'^ -b ||a|Li < uj.M'^Te^'^^'^ + ||a|Li < M, 
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a contradiction. In this manner, we have verified that (gH) is true. 
Now, integrating (14.51) on [0,T] and using (14.61) . we reach 


0< — / a{t)dt= [ vg'{u{t))z^{t) dt < < — f a{t)dt, 

Jo Jo Jo 

a contradiction. This concludes the proof. □ 

The same change of variable is employed to provide the following variant of 
Theorem 11.11 

Theorem 4.3. Let g: R.'*' —> R.'*' be a continuous function satisfying {g^,) and 
such that g(s) is continuously differentiable on a right neighborhood of s = 0 
and on a neighborhood of infinity. Suppose also that [go) and 

{gD 5'(oo) := lim g\s) = 0 

S—f + OO 


hold. Let a: R —^ R 6e a locally integrable T-periodic function satisfying the 
average condition (a*). Furthermore, suppose that there exists an interval L C 
[0,T] such that aft) > 0 for a.e. t G L and fja(t) dt > 0. Then there exists 
A* > 0 such that for each A > A* equation dm has at least two positive T- 
periodic solutions. 

Proof. We follow the scheme described in Section The verification of the 
assumptions of Lemma 12.11 for A large is exactly the same as in Section 13.11 
We just describe the changes with respect to Section 13.21 and Section 13.31 It is 
important to emphasize that A > A* is fixed from now on. 

Verification of the assumption of Lemma \2.2\ for r small. Let [0,eo[ be a right 
neighborhood of 0 where g is continuously differentiable. We claim that there 
exists ro G ]0, eo[ such that for all 0 < r < tq and for all d G ]0,1] there are no 
non-negative T-periodic solutions u{t) of (12.61) such that ||u||oo = r. 

First of all, we observe that any non-negative T-periodic solutions u{t) of 
(EH), with ||m||oo = f, is positive. This follows either by the uniqueness of the 
trivial solution (due to the smoothness of g{s) in [0,eo[), or by an elementary 
form of the strong maximum principle. Thus we have to prove that there are 
no T-periodic solutions u{f) of (12.61) with range in the interval ]0,r] (for all 
0 < r < ro). 

We apply Lemma [4.11 to the present situation with v = dX and J = ]0,r]. 
There exists a constant w* > 0 (independent on r) such that there are no T- 
periodic solutions with range in ]0,r] if 

sup | 5 '(s)| = max |g'(s)| < ^ 

0<s<r 0<s<r A 


(recall that 0 < < 1). This latter condition is clearly satisfied for every 

r G ]0,ro], with ro > 0 suitably chosen using the continuity of g'{s) at s = O'*". 

Verification of the assumption of Lemma \2.S\ for R large. Let ]A^,-|-oo[ be a 
neighborhood of infinity where g is continuously differentiable. As in Section Fd.dl 
we argue by contradiction. Suppose that there exists a sequence of non-negative 
T-periodic functions u„(t) satisfying (13.121) and such that ||u„||oo = Rn —t +oo. 
By the same argument as previously developed therein, we find that u„(t) > 
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i?„/2, for all f S R (for n sufficiently large). Notice that for this part of the 
proof we require condition (^oo), but we do not need the hypothesis of regular 
oscillation at infinity. Clearly, {goo) is implied by {g'oo)- 

For n sufficiently large (such that > 2N), we apply Lemma [4.11 to the 
present situation with u = Vn ■= i9n-\ and J = Jn ■= There exists a 

constant w* > 0 (independent on n) such that there are no T-periodic solutions 
with range in Jn if 

max |g'(s)| < ^ 

^<S<Rr, A 

(recall that 0 <■(?„< 1). This latter condition is clearly satisfied for every n 
sufficiently large as a consequence of condition {g'^). The desired contradiction 
is thus achieved. □ 

Remark 4.1. Clearly one can easily produce two further theorems, by combin¬ 
ing the assumptions of regular oscillation at zero (at infinity) with the smooth¬ 
ness condition at infinity (at zero, respectively). <1 

4.4 Nonexistence results 

In the proof of Theorem 14.31 we have applied Lemma 14.11 to intervals of 
the form ]0,r] or, respectively, [i?„/2,i?„] in order to check the assumptions of 
Lemma [2.21 Clearly, one could apply such a lemma to the whole interval Rj 
of positive real numbers. In this manner, we can easily provide a nonexistence 
result of positive T-periodic solutions to (HH) when g'{s) is bounded in R,)" and 
A is small. With this respect, the following result holds. 

Theorem 4.4. Let g: R'*" —>■ R'*" be a continuously differentiable function sat¬ 
isfying (g*), (go) and {g'oo)- ® satisfy {a^,). Then there exists A* > 0 

such that for each 0 < A < A* equation (ED has no positive T-periodic solution. 

Proof. First of all, we observe that g' is bounded on Rq (since g{s) is con¬ 
tinuously differentiable in R+ with g'{0) = g'{oo) = 0). Accordingly, let us 
set 

D := max| 5 '(s)|. 

s>0 

We apply now Lemma HTT] to equation (11.11) for J = R)}". This lemma guarantees 
the existence of a constant w* > 0 such that, if 0 < A < a;*/T), (11.11) has no 
positive T-periodic solution. This ensures the existence of a suitable constant 
A* > w*/T), as claimed in the statement of the theorem. □ 

At this point, Theorem 11.21 of the Introduction is a straightforward conse¬ 
quence of Theorem 14.31 and Theorem 14.41 


5 Neumann boundary conditions 

In this final section we briefly describe how to obtain the preceding results 
for the Neumann boundary value problem. For the sake of simplicity, we deal 
with the case c = 0. If c ^ 0, we can write equation (11.11) as 

{u'e‘'*y -\- Xd{t)g{u) = 0, with d{t) := a{t)e‘'', 
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and enter in the setting of coincidence degree theory for the linear operator 
L: Accordingly, we consider the BVP 


u” + \a{t)g(u) = 0 
m'(0) = u'{T) = 0, 


(5.1) 


where a: [0,T] —>■ R and g{s) satisfy the same conditions as in the previous 
sections. In this case, the abstract setting of Section[5]can be reproduced almost 
verbatim with X := C([0,T]), Z := L^([0,T]) and L: —u", by taking 

domL := [u e T]): u'(0) = u'{T) = O}. 

With the above positions kerL = R, ImL, as well as the projectors P and 
Q are exactly the same as in Section [5J All the results till Section 0] can be 
now restated for problem (ED. In particular, we obtain again Theorem 11.11 
Theorem 14.31 and Theorem oi as well as their corollaries for equation dni) 
(with c = 0) and the Neumann boundary conditions. 

We present now a consequence of these results to the study of a PDE in 
an annular domain. In order to simplify the exposition of the next results, we 
assume the continuity of the weight function. In this manner, the solutions we 
find are the “classical” ones (at least two times continuously differentiable). 

5.1 Radially symmetric solutions 

Let II • II be the Euclidean norm in (for N >2) and let 

n := B(0, i? 2 ) \ B[0, Ri] = {x : Ri < ||a:|| < i? 2 } 

be an open annular domain, with 0 < i?i < i? 2 - 

We deal with the Neumann boundary value problem 



—A u = X q{x) g(u) in 17 

= 0 on dn, 

an 


(5.2) 


where 5 : 12 —>■ K is a continuous function which is radially symmetric, namely 
there exists a continuous scalar function Q: [i?i, i? 2 ] ^ R such that 


g(a::) = Q(||a;||), VxGlI. 


We look for existence/nonexistence and multiplicity of radially symmetric pos¬ 
itive solutions of (ED, that are classical solutions such that u(x) > 0 for all 
a; G f 2 and also u{x) = W(||x||), where W is a scalar function defined on [i?i, i? 2 ]- 
Accordingly, our study can be reduced to the search of positive solutions of 
the Neumann boundary value problem 



7V-I 


U'{r) + XQ{r)g{U{r)) =0, W {Ri) =U’{R 2 ) = 0. (5.3) 


r 


Using the standard change of variable 
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and defining 


T := 



r{t) := h ^{t) and v{t) =U{r{t)), 


we transform into the equivalent problem 


v" + Xa{t)g{v) = 0, 'y^(O) = v'{T) = 0, 


(5.4) 


with 

a{t) :=r(t)2(^-i)Q(r(t)). 

Consequently, the Neumann boundary value problem (15.41) is of the same form 
of (15.ip and we can apply the previous results. 

Notice that condition (a*) reads as 

pT pR2 

0> / r{tf^^-^^Q{r{t))dt= / r^-^Q{r)dr. 

Jo J Ri 

Up to a multiplicative constant, the latter integral is the integral of q{x) on 17 , 
using the change of variable formula for radially symmetric functions. Thus, 
a(t) satisfies (a*) if and only if 

(< 7 *) / q{x)dx<0. 

Jo. 

The analogue of Theorem 1 1.1 1 for problem (15.21) now becomes the following. 

Theorem 5.1. Let g: R’*' —>■ R+ be a continuous function satisfying ((?*). Sup¬ 
pose also that g is regularly oscillating at zero and at infinity and satisfies (go) 
and (goo)- Let q(x) he a continuous (radial) weight function as above satisfying 
(g*) and such that q{xo) > 0 for some xq S 17. Then there exists A* > 0 such 
that for each A > A* problem (Ol) has at least two positive radially symmetric 
solutions. 

Similarly, if we replace the regularly oscillating conditions with the smooth¬ 
ness assumptions, from Theorem l4.3l and Theorem l4.41 we obtain the next result. 

Theorem 5.2. Let g: > M“'" be a continuously differentiable function satis¬ 

fying (g*), (go) and (g'^c). Let q(x) be a continuous (radial) weight function as 
above satisfying (g*) and such that q{xo) > 0 for some xq G 17 . Then there exist 
two positive constant A* < A* such that for each 0 < A < A* there are no posi¬ 
tive radially symmetric solutions for problem (lOD . while for each A > A* there 
exist at least two positive radially symmetric solutions. Moreover, if g'{s) > 0 
for all s > 0, then condition (g*) is also necessary. 
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